SCHUR FUNCTIONS AND INNER FUNCTIONS ON THE BIDISC
RAMLAL DEBNATH AND JAYDEB SARKAR

ABSTRACT. We study representations of inner functions on the bidisc from a fractional linear
transformation point of view. We provide sufficient conditions, in terms of colligation matri-
ces, for the existence of two-variable inner functions. Here the sufficient conditions are not
necessary in general, and we prove a weak converse for rational inner functions that admit
one variable factorization.

We present a classification of de Branges-Rovnyak kernels on the bidisc (which equally works
in the setting of polydisc and the open unit ball of C™, n > 1). We also classify, in terms of
Agler kernels, two-variable Schur functions that admit one variable factor.

1. INTRODUCTION

Let D" = {z = (z1,...,2,) € C" : |21],...,|2a] < 1} denote the open unit polydisc and
H>(D") denote the Banach algebra of all bounded analytic functions on D™ with the uniform
norm

Pl = sup{lp(2)] : 2 € D"} (p € HZ(D")).
A function ¢ € H>®(D") is said to be Schur function if ||¢||.c < 1. We denote by S(D™) the
set of Schur functions defined on D™. A function ¢ € S(D") is said to be inner if
. ity L ity — ity L ity —
lim Jop(re™, - re)] = Jop(e™, €)= 1,
almost everywhere on the distinguished boundary T™ of D". For example, every rational inner
function ¢ € S(D™) has the form

where M is a monomial and p is a polynomial with no zeros in D" (see Rudin [17, Theorem
5.2.5]).

The principle aim of this paper is threefold: (1) Representations of inner functions in S(D?)
in terms of isometric colligation operators (a certain class of 2 x 2 block operator matrices).
(2) Classification of de Branges-Rovnyak kernels on D (which equally works in the setting of
D™ and the open unit ball in C*, n > 1). (3) Classification, in terms of Agler kernels, of Schur
functions in S(D?) that admit one variable factor.

To further elaborate on the main contribution of this paper, we recall some classical results.
First let us recall the fractional linear transformation representations of Schur functions on
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D [4, 12]. Let ¢ : D — C be a function. Then ¢ € S(D) if and only if there exist a Hilbert
space H (known as state space) and a 2 x 2 block operator matrix (known as colligation
matrixz/operator)

a B
V = {C’ D} CoH—->CopH,

such that V' is an isometry(/co-isometry /unitary/contraction) and ¢ = 7,, where
v(2) =a+ zB(Iy — zD)"'C (2 €D).

We call 7, the transfer function or the realization function corresponding to the colligation
operator V. Moreover (see [12, Theorem 7.10, page 110, and Theorem 10.1, page 122]):

Theorem 1.1. Let ¢ € S(D). Then ¢ is inner if and only if ¢ = T, for some isometric
colligation

V= {g g} € B(C®H),

with D € Cy..

Here Cp. denotes the set of all contractions 7" (on Hilbert spaces) such that 7" — 0 in the
strong operator topology, and B(H, K) (or simply B(H) if H = K) denotes the Banach space
of bounded linear operators from a Hilbert space H into a Hilbert space K. We present a
simpler proof of the necessary part of the above theorem at the end of this section.

Our first aim in this paper is to provide similar sufficient (as well as necessary, for reducible
rational functions) conditions for a function in S(D?) to be inner. Our presentation here,
needless to say, is based on Agler’s realization formula and Agler kernels for functions in
S(D?) [1]. Let us briefly recall the definition of kernel functions. Let € be a Hilbert space,
and let Q2 be a domain in C". A function K : Q x Q — B(&) is called a kernel (denoted by
K >0)if

> (K (zi, 2, mi)e > 0,

ij=1
for all {z1,..., 2} € Q, {m,...,nm} € € and m > 1 (see the monograph by Paulsen and
Raghupathi [19], or Szafraniec [20] for a rapid introduction to reproducing kernels).

Theorem 1.2 (Agler). Let ¢ : D* — C be a function. Then the following are equivalent:

(i) ¢ € S(D?).

(i1) There exist Hilbert spaces Hy and Ha and a unitary/isometric/co-isometric colligation
operator

V= {g g] € B(C® (H1® Ha)),

such that o = 1/, where

TV(Z) =a+ B(['H1G§'H2 - EH1€BH2(Z)D>_1E'H1®H2(Z)07
and By on,(2) = 2113, ® 2013, for all z € D2
(11i) There exist kernels { K1y, Ky} such that

1 —p(z)p(w) = (1 — 2101 K1 (2, w) + (1 — 20w09) Ko (2, w) (z,w € D?).
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The kernels {Ki, K>} in (ii) are known as Agler kernels of ¢, and the identity in (iii) is
known as the Agler decomposition of ¢ corresponding to the Agler kernels { K1, K5} [5, Section
3.1]. We also call H, @& Hs in (ii) as a state space of .

Agler kernels were essentially introduced by Jim Agler [2] (also see [1] and [3]) in his study
of Nevanlinna-Pick interpolation in the setting of bidisc. Agler kernels also play an important
role (cf. [7, 15, 22]) in the delicate structure of shift-invariant subspaces of the Hardy space
over the bidisc [13]. Moreover, in the case of D" n > 3, Agler kernels are associated with those
bounded analytic functions on D™ that satisfy the multivariable von Neumann inequality (see
the discussion following Theorem 3.2). Needless to say, bounded analytic functions on D",
n > 3 satisfying the multivariable von Neumann inequality are of interest. From these points
of view, the concept of Agler kernels has become an inseparable part of the modern theory of
bounded analytic functions.

We now return to the topic of representations of inner functions in §(D?). An analog of
Theorem 1.1 for inner functions in S(D?) seems to be a subtle and unattended problem. Here
the main difficulty is to deal with the 2 x 2 block operator matrix D € B(H; @& Hs), or more
specifically, with the resolvent part of 7, which involves inverse of 2 x 2 block operator matrix.
Instead, in Theorem 2.1 we prove that a function ¢ € S(D?) is inner whenever ¢ = 7, for
some isometric colligation

a Bl B2
V: Cl D1 DQ - B(C@(HI@H2>)7
Cy 0 Ds

with D1, D3 € Cy.. This is the main content of Section 2.

The converse of the above fact is not true in general (see Example 5.1). However, a weak
converse holds for rational inner functions that admit one variable factorization (see Theorem
5.3). These are the main content of Section 5.

Now we turn to our second goal of this paper: classification of de Branges-Rovnyak kernels
on D™ and the open unit ball of C*. Here we explain the idea in the setting of operator-valued
Schur functions on . Suppose © : D — B(&, &) is a Schur function, that is, © is a B(E, &,)-
valued analytic function on D and sup ||©(z)|| < 1 (in notation, © € S(D, B(E,E.))). We call

zeD

I —0(2)0(w)*
1—z2w
the de Branges-Rovnyak kernel corresponding to ©. The classical de Branges-Rovnyak the-
ory says that the kernel of a contractively contained shift-invariant (not necessarily closed)
subspace of the Hardy space HZ (D) is Kg for some © € S(D, B(€,£,)) and Hilbert space €.
Section 3 concentrates on the following question: How can we recognize when a kernel admits

a de Branges-Rovnyak kernel representation?
The following is our answer to this question (see Theorem 3.1): Let K > 0 be a B(&,)-
valued kernel (which is not a priori analytic in its first variable). Then K = Kg for some

0 € §(D,B(&,€&.)) and Hilbert space £ if and only if
]g* —(I—ZE)KZO,

the kernel

Ko(z,w) := , (z,w € D).
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where - denotes the Hadamard product. This also covers a (variation of the) classical result
due to de Branges and Rovnyak (see Theorem 3.2 and the discussion preceding it).

In the setting of Schur-Agler functions on D" (see more details in Section 3), in Theorem 3.3
we prove the following: Let K : D" x D™ — B(&,) be a kernel on D" (again, K is not a priori
analytic in 21,...,2,). Then there exist a Hilbert space £ and a B(E, &,)-valued Schur-Agler
function © (in notation, © € SA(D", B(€,£,))) such that

K = Ko,
where
Ko(z,w) := (z,weD"),

=1
if and only if there exist B(E,)-valued kernels K1,. .., K, (we call it Agler kernels of ) on
D" such that

K(z,w)= Z m[(i(zaw) (z,w e D"),

and

Ie. — (H(l - zﬂ;,;)) K >0.
i=1
An analogous but somewhat simpler statement also holds in the setting of multipliers of
Drury-Arveson space (see Theorem 3.4).

The final goal of this paper is to describe those two-variable Schur functions that admit
one variable Schur factor. This is the main content of Section 4. More specifically (see
Theorem 4.1): Let ¢ € S(D?) and suppose ¢(0) # 0, where 0 = (0,0) (see Remark 4.3 on
the assumption ¢(0) # 0). The following assertions are equivalent:

(1) There exist ¢; and @, in S(D) such that p(z) = p1(21)p2(22), z € D?.
(2) There exist Agler kernels { K7, K3} of ¢ such that K; depends only on z; and w;, and

©(0) Ks(-, (w1,0)) = (w1, 0) K>(-,0)  (w; € D).
(3) There exist Agler kernels { Ly, Ly} of ¢ such that all the functions in H, depends only on
21, and @(0)f(-,0) = ¢(+,0) f(0), f € Hy, (here Hx refers to the reproducing kernel Hilbert
space corresponding to a kernel K).
(4) ¢ = 1y for some co-isometric colligation

#(0) B B
V=1|C D Dy| €BC®HidH)),
02 0 D4

with ¢(0)Dy = C} Bs.

We remark that, given the importance of the rich structure, inner functions on the bidisc
have been considered in many occasions previously in different contexts (cf. [7, 22]). We also
refer to [6, 15, 21] and the references therein for the recent and more modern development of
Schur functions, Agler kernels, and transfer function realizations.
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It is worthwhile to point out that our main motivation of colligation matrices, as in part
(4) above and the one following Theorem 1.2, comes from the recent paper [10]. That said,
the present paper is intended as a follow-up, to some extent, to [10] on one hand, and is also
designed to be self-contained on the other.

We end this section with a simple proof of the necessary part of Theorem 1.1. The idea
of the proof (as also hinted at the final paragraph of this section) is the same as that used
in proving analytic representations of commutators of shift operators [16, Theorem 2|. Let
¢ € S(D) be an inner function, and suppose

o9

m

()OZE amz
m=0

the power series representation of ¢ on D. Consider M, as an isometric multiplier on H?(D)
(that is, [|[M,f]| = || f| for all f € H*(D)), and set Q, = H*(D) & ¢H?*(D) (that is, Q, is the
orthogonal complement of ¢ H?(D) in H?*(D)). We clearly have

am = Pc M M,|c (m >0),
where Pc denotes the orthogonal projection onto the space of constant functions in H?*(DD).

Note that M,|c = ¢. Since M;Q, C Q, and M;¢ € Q,, (indeed, (M p,of) = (M1, f) =0
for all f € H*(DD)), it follows that
(1.1) p(w) = PeMylc +whelo, (I, — wM:lg,) ' M:Mylc  (w € D).
Clearly
v | #0)  Felo,
M:Myle MZlg,|’

defines a unitary colligation operator on C & Q. And, of course, we have M}|o, € Cp. and
Y =Ty.

Note that the representation of ¢ in (1.1) reduces to a more compact form as

go(w) = P(C([HQ(IDJ) — ’(UMZ*)ilMg,’(C (w € D)

This formula is comparable to the representation of commutators in the statement of Theorem
[16, Theorem 2]. In other words, the above result also follows from Theorem [16, Theorem
2]. However, proof of the sufficient part (as in [12]) of Theorem 1.1 remains to be involved.

2. INNER FUNCTIONS AND REALIZATIONS

Our purpose here is to prove an analogous statement of the sufficient part of Theorem
1.1. We will again return to this topic in Section 5 with some counterexamples and a weak
converse.

It will be convenient, to begin with, some terminology and basic observations. The following
construction also could be of some independent interest. We write @2 = 2@ 1> @ - - -, that is

or = {{az‘j} = {{{G’OJ}JZOa {ay;}iz0. {az;}iz0, -} i Jag 1" < OO}'

t,j=0
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One can easily verify that

7({a;}) = ZZCL 2122,

=0 7=0

defines a unitary 7 : @I* — H*(D?), and M,,7 = 7.5, where S denotes the shift on &I?, that
1s

5((a) = {0}, (aobon- oo }

oo o0

Here {0} € I? is the zero sequence. Now, let o = (3 @;;23)21 € H®(D?). We define the
i=0 j=0

block Toeplitz operator with symbol ¢ to be the bounded linear operator T, on ®I? defined

by

(Tw <{aij}>> = Pi—k,j—10k (i,5 >0),
Y k=0 1=0
which in matrix notation becomes
d, 0 0 O
®, &9 0 O

To= |9, & ® 0 ---| >

where
o 0 0 0

ot o 0 0

Oy, = Ore Pkt Pro 0 ool

is a Toeplitz operator on [? for all k¥ > 0. More specifically, we have

M,r = 1T, (o € H*(D?)),
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where M, denotes the multiplication operator on H 2(D?) with analytic symbol ¢, that is,
M,f = ¢f for all f € H*(D?). Indeed, if ¢ = Z(Z 0i;25) 2 and {a;;} € @12, then

=0 j=

T({ai;}) = (Z ‘Pw%%) (Z k=1 ZQ)

i,j=0 k,1=0

o x
— i+k l+]
= E E :SDZJaklzl

= Z {Z( Pi— ,]Clkz) } g
7,1=0 \ =0 =

+3j
Pi—k JaklZZ }Zl

and hence M,7({a;;}) = 7T,({a;;}). In particular, we have

S 0 0 0
0 Sz 0 O
To=10 0 Sp 0 ---|>

where Sj2 denotes the shift on [?, that is, Si({ag, a1, ...}) = {0, a9, a1,...} for all {a,,}m>0 €
I2. Continuing with the above notation, we set

(2.1) Yo=|g,|. and Y; = S7Yy,

for all j > 1. Then T, = [Yo Y1 Y, ...]. Since T3T, = (V;*Y;), it follows that M, on
H?*(D?) is an isometry if and only if T, on @&[? is an isometry, which is also equivalent to

(2.2) YV = 61

We are now ready to present the main theorem of this section.
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Theorem 2.1. Let ¢ € S(D?). If ¢ = 1 for some isometric colligation

a Bl BQ
V = Cl D1 Dg 2@@(%1@%2)—)@@(%1@%2),
Cy 0 Ds

with Dy, D3 € Cy., then ¢ is an inner function.

Proof. Since p = 1y, and

Dy Dy|\"! C
TV(Z) =a+ [Bl B2] <[H1®H2 - EH1®H2(Z) |: 01 D§:| ) EHl@Hz(z) |:C;:| ’

we have

p(z) =a+ Y BiD'Cizi+ Y ByD{ 'Coz+> Y BiD{'DyDj ' Cazizl,
i=1

j=1 i=1 j=1

for all z € D?. Under the same notations preceding the statement, we set

a 0 0 0
BQCQ a 0 0

(I)O — B2D302 BQCQ a 0 ,
a

BQD%CQ B2D3C2 BQCQ

and
BD{'Cy 0 0 0 |
BiD{ DyCy B\D{™'Cy 0 0
O; = |B1D{'DyDsCy  BiD{T'DyCy,  BiD{T'Chy 0 ,

B,DI7'Dy,D3C, ByDIT'DyDsCy BiDIT'D,C, B DIT'CY

D]

(I)l 00
for j > 1. We first claim that Yo = | g, | is an isometry. In fact, since Y'Yy = Zo o D,

there exists a sequence of scalars {ym}mz-o such that

(Yo Y1 Y2
Y1 Yo N

YOYO: Y2 Y1 Yo
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We need to show that yp = 1 and y, = 0 for all £ > 1. Note that

yo = |a|* + C; (Z D’{jB{BlD{) c,

=0

> D;;k{B;BZ + D} (Z D;‘ZB;BIDQ) DQ}D’g

k=0 >0

+C5 Cs.

Since V*V = I, it follows that
la|* + C;Cy + C3Cy  aBy + C;Dy aBy+ C; Dy + C3Ds
(2.3) aBf + DiC, BB, + D7D, BBy 4 DiD, =1
aB; + DiCy + D;Cy B3;By + D;Dy BiBs+ DDy + D5Ds
In particular
I =B{By+ DiD;
= BiB;, + Di(BiB; + DiDy)D;
= B{Bi + D;B{ B D, + D}{*D?,
and hence I = i D¥(BB;) D%+ DV DY for all m > 1. Using the fact that Dy € Ch.,

J=0
we have

(2.4) > DY(B{B)D] =1,
j=0

in the strong operator topology. Similarly, B5 By + D;Ds + D5Ds = I and D3 € Cj. implies
that

(2.5) > Dy (B;By+ D3Da)Dj =1,
=0
in the strong operator topology. This with the condition |a|?> + C;C} + C3Cy = 1 in (2.3)
implies that
Yo = ‘CLP + C}‘Cl + C;CQ = 1.
Next we consider

y1 = aCy By + C3 D; (Z D?’BIBlD{> Cy

J=0

+ C5 D5

> ng{B;& + D} (Z D;@;B@ﬁ) DQ}D’;] Cs.
k=0 =0
Thus by (2.4) and (2.5), it follows that

g1 = aCiBy + CiDLCh + CiDiCy = Ci(aBy + DiCy + DiCy) = 0,
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as aBj + D3;Cy + DiCy = 0 follows from (2.3). Similarly
= O3 Dy (aBj + D3C, + D;Cy) =

for all 5 > 2. This proves that Y} is an isometry

Since the shift S on @I? is an isometry, Y; := S7Y;, j > 1, is also an isometry (see the
construction in (2.1)). Our final goal is to prove that T, := [Yy Y1 Y2 ... is an isometry,
or equivalently, by virtue of (2.2) and Y'Y, = I for all m > 0,

Y)Y, =0 (p>q>0).
Since Y'Y, = Y5 S9Y, = Y S*=9Y; for all p > ¢ > 0, it actually suffices to check that
Yy S Uty =0 (j>0).
So we fix 7 > 0 and observe

SiY, = 0...0 & P, P,
(+1)
Hence
YoS Yy = 0501 + @1 @jpn + -
Therefore there exists a sequence {c¢,, }mez such that
Co C1 C2

)/E)*S*(]Jrl)}/o —

It is suffices to prove that ¢, = 0 for all k € Z. A simple calculation shows that

Z ng{B;B1 + D;Dl}D{“DQDg"
m=0

By (2.3), aB; + C{Dy = 0 and BBy + D5D; = 0, and hence ¢y = 0. Now let £ > 0. Then

Co = (dBl + C{‘Dl)D{HC’l + C; CQ.

o = Oy D3 V(B3 B, + D3Dy) DI Cy + 3 D3* [Z D*m{B B, + D} Dl}DJ“DQDm Cs,

m=0

and hence c; = 0. Finally, since

> D;m{BgBl + D;DM}D{“DQDQ”

m=0

cp = (@B + Cile)D{HD2D§71C2 + D’§02,

it again follows that c_, = 0. This implies that T, or, equivalently, M, is an isometry, and
completes the proof. [ ]
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Remark 2.2. Let V € B(C & H) be an isometric colligation, and let H = H; & H, for some
Hilbert spaces H; and Hs. Suppose D := Py V| and suppose that DH, C H;. Set

D, D
D= [ % Dj € B(H, © Hy).
It is easy to see that if D € Cy., then D; and D3 are also in Cy.. Consequently, Theorem 2.1
also holds for those Schur functions ¢ such that ¢ = 7 with V' as above. Of course, if D,
and D3 are in Cj., then D is not necessarily in Cj..

3. DE BRANGES-ROVNYAK KERNELS

The goal of this section is to study de Branges-Rovnyak kernels on D™ and the open unit
ball of C*, n > 1. Specifically, we seek characterizations of analytic kernels that admit certain
factorizations involving Schur(-Agler) functions. Our investigation is partly motivated by a
classical result of de Branges and Rovnyak (see the paragraph preceding Theorem 3.2 for
more details).

We start with the unit disc case. Let S(D, B(&,&,)) denote the set of all B(E, £,)-valued
analytic functions © on D such that sup,p [|©(z)|| < 1. Such functions are called operator-
valued Schur functions.

A kernel K : DxD — B(E) is a de Branges-Rovnyak kernel if there exists © € S(D, B(E, E,))

such that I O(O(w)*
K(z,w) = Ko(z,w) := — . (2) _(w) (z,w € D).
— 2w
Note that if © € S(D, B(E,£,)), then Mg : HZ(D) — HZ (D) is a contraction. This is clearly
equivalent to the condition that Kg > 0.

In the following, we characterize de Branges-Rovnyak kernels defined on the disc D. The
proof uses the commonly used “lurking-isometry” techniques. Therefore, our proof is fairly
standard and, perhaps, it can also be achieved from existing results of Schur(-Agler) functions
[4]. Note also that the theorem below does not assume a priori that K is analytic in its first
variable.

Theorem 3.1. Let K : D x D — B(&,) be a kernel on D. Then K = Kg for some © €
S(D,B(&,€&,)) and Hilbert space &, if and only if

[g*—(l—Zﬂ))'KZO.

Proof. It K = K¢, then
Ie, — (1 — zw)K(z,w) = O(2)0(w)* >0 (z,w € D).
Conversely, if I¢, — (1 — zw) - K > 0, then there exist a Hilbert space F and a function (a
priori not necessarily analytic) F': D — B(F,&,) such that
Ie — (1 —zw)K(z,w) = F(2)F(w)* (z,w € D).
Clearly, F is a contractive function on D. Again, since K > 0, there exist a Hilbert space G
and a function G : D — B(G, £,) such that K(z,w) = G(2)G(w)*, z,w € D. Then

Ie, — G(2)G(w)" + zwG(2)G(w)* = F(z)F(w)*,

*
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and hence
Ie, + 20G(2)G(w)* = G(2)G(w)* + F(2)F(w)*,
for all z,w € . Therefore

| e F(w)*
defines an isometry from a subspace of £, &G to F & G. Then, adding an infinite-dimensional

summand to G if necessary, V' can then be extended to an isometry, denoted by V' again, from
E.BGtoFeG. Set

A B
V= {C’ D} DG Fog.

& b) [ua]

for all n € £ and w € D, which implies that
A+ wBG(w)* = F(w)" and C + wDG(w)* = G(w)*,

for all w € D. The latter equality implies that G(w)* = (I —wD)~'C, and hence, the first
equality yields

Then

I

1
T
—~

S
~—

*

= 3
| IS |

F(w)* = A+wB(I —wD) 'C,
for all w € D. Hence
F(z) = A* +20%(I — zD*)" ' B* (z e D),
that is, F' = 7y« is analytic on D and bounded by 1, where
[t €]
is a co-isometric colligation. Consequently, © := F' € §(D, B(F,&.)), and hence
Ie, — (1 — zw)K(z,w) = O(2)0(w)",
le, — ©(2)0(w)"
1—z2w

We denote by S, the Szego kernel on D", that is

that is, K(z,w) = for all z,w € . This completes the proof. [ ]

- 1
Sa(z,w) =[] — - (zweD)

1=

Also we denote S; simply by S. The following is a variation of a result due to de Branges
and Rovnyak [8; 9]. Also, we refer the reader to the classic Sz.-Nagy and Foias [18, Section 8,
page 231] for detailed proof and some historical notes. The proof below follows the proof of
the previous theorem. Again, a priori we do not assume (in contrast to Sz.-Nagy and Foias)
that K is analytic in its first variable.
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Theorem 3.2. Let K : D x D — B(&,) be a kernel. Then
0<K<SandS™' K >0,

if and only if there exist a Hilbert space £ and an operator-valued Schur function © €
S(D,B(E, &) such that

O(2)0(w)*
K = — D).
(z,w) T (z,w € D)
Proof. Suppose 0 < K <Sand S'- K > 0. Now 0 < K <S implies that
1
I-K > 0.

As in the proof of the previous theorem, there exist a Hilbert space F and a function G :
D — B(F,&.) such that

I—(1—-zw0)K(z,w) =(1—20)G(2)G(w)".
Again, since S™! - K > 0, there exist a Hilbert space G and a function F : D — B(G, £,) such
that
I —F(2)F(w)" =(1—-20)G(2)G(w)"
The remaining argument is similar to that of the proof of the previous theorem. ]

Now we recall the definition of Schur-Agler functions. Let £ and &, be Hilbert spaces. The
Schur-Agler class SAD", B(E,E.)) [1] consists of B(E, £,)-valued analytic functions ¢ on D™
such that ¢ satisfies the n-variables von Neumann inequality

(T, ..., To)llBe) < 1,

for any n-tuples of commuting strict contractions on a Hilbert space H. Here

(T, T) =Y ep®T"

kezn

where p = > 2", ¢ € B(E,E,), and TF = T{" - Tk for all k = (ky,..., k,) € Z". The

kezn
elements of SA(D", B(&,&,)) are called Schur-Agler functions. The following result is due to
Agler [1] (also see Theorem 1.2):
Given a function © : D" — B(&, &,), the following are equivalent:
(i) © € SAD", B(E,Ey)).
(ii) There exist B(&,)-valued kernels K7, ..., K, (known as Agler kernels) on D™ such that
Ie, - 0(2)0(w)" = Y (1 —zw)Ki(z,w),  (z,weD").
i=1

We now turn to de Branges-Rovnyak kernels on D". Suppose © € SA(D™, B(E,€&,)). Since
My is a contraction from HZ(D") into HZ (D), it is easy to check (as also pointed out earlier)
that Kg > 0, where

Ko(z,w) =S, (z,w) (I — 6(2)0(w)*) (z,w € D").
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Here we say that Kg is a (B(&,)-valued) de Branges-Rovnyak kernel on D”. In the following,
we do not assume a priori that K is analytic in zq,..., z,.

Theorem 3.3. Let K : D" x D" — B(E&,) be a kernel on D". Then K = Kg for some
Schur-Agler function © € SAD",B(E,E.)) and a Hilbert space £ if and only if there exist
B(&.)-valued kernels Ky, ..., K, on D" such that

n

K(z,w) = Z mKi(Z,w)7

or all z,w € D", and I, — S '- K > 0.
f * n

(13

Proof. The “only if” part of this statement is easy, and the proof of the “if” part is similar
to the proof of Theorem 3.1. We give only a sketch: Suppose Kj,..., K, are B(&,)-valued
kernels on D", z,w € D", and suppose

Then
S, (2, w)K (z,w) = ) (1 — zw) Ki(z,w).

i=1
Since Ig, — S, ! - K > 0, there exist a Hilbert space G and a function G : D" — B(G, £,) such
that

Ie — S; Mz, w)K (z,w) = G(2)G(w)*.
Again, since K; > 0, there exist Hilbert spaces Fi, ..., F,, and functions F; : D" — B(F;, &,),
i=1,...,n, such that K;(z,w) = F;(z)F;(w)* for alli =1,...,n. Hence
S, (2, w)K (2, w) = 3 (1~ 20 Fi(=) i)’

which implies
Ie, + Y zwiFy(2)Fy(w)" = G(2)G(w)" + ) | Fi(z)Fi(w)",
i=1 i=1

for all z,w € D". Now one can proceed with the lurking-isometry method, as in the proof of
Theorem 3.1, to complete the proof of the theorem. [ ]

An analogous statement also holds in the case of multipliers of Drury-Arveson space H?.
We recall that H? is the reproducing kernel Hilbert space corresponding to the kernel

1

S(z,w) = T

(z,w € B"),
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n

where B" = {z € C" : Y_ |z]|*> < 1} is the open unit ball of C*, and (z,w) = >_ z;w;. Given
i=1

=1 =
Hilbert spaces € and &,, the B(E, £,)-valued Drury-Arveson multiplier space is defined by
M, (E,E)={0 :B" = B(E,E):OH2®E) C H>®E,}.
Here M,,(€,&,) is a Banach space equipped with the norm [|0|| a4, (¢.¢.) = ||Me]|| (the operator

norm of Mg). In this setting, the de Branges-Rovnyak kernel Kg corresponding to © €
My(E,E,) is defined by

I —0(z)0(w)*
1—(z,w)
The proof of the following theorem is completely analogous to the proof of Theorems 3.1 and

3.3. We leave details to the reader.

Theorem 3.4. Let &, be a Hilbert space and K : B" xB™ — B(&) be a kernel. Then K = Kg
for some © € M,,(€,&,) and Hilbert space £ if and only if

Ie, — (1 = (z,w)) - K(z,w) > 0.

Ko(z,w) = (z,w € B").

In the above theorem, we do not assume a priori that K is analytic in zq, ..., 2,.

4. AGLER KERNELS AND FACTORIZATIONS

In this section we investigate factorizations of two-variable Schur functions in terms of
Agler kernels. We shall be particularly interested in the case of one variable factors and Agler
kernels of functions in S(D?).

Here and in what follows, H  will denote the reproducing kernel Hilbert space correspond-
ing to the kernel K. Moreover, if K : D? x D? — C, then K (-, w) € Hy will denote the kernel
function at w € D?, that is

(K(w)(2) = K(zw) (2 €D?),
and
f(w) = <f7 K('? w)>7'lK7

for all f € Hx and w € D?. For notational convenience we write 0 = (0, 0).
We are now ready for the main result of this section (see Remark 4.3 on the assumption

©(0) #0):

Theorem 4.1. Let p € S(D?) and suppose ©(0) # 0. The following assertions are equivalent:
(1) There ezist 1 and @ in S(D) such that

©(z) = p1(21)p2(22) (z € D).
(2) There exist Agler kernels { K1, K2} of ¢ such that K, depends only on z, and wy, and

©(0) K>(-, (w1,0)) = p(w1,0) K(-,0)  (wi € D).

(8) There exist Agler kernels {Ly, Lo} of ¢ such that all the functions in Hp, depends only
on z1, and

p(0)f(-,0) = ¢(-0) f(0)  (f € Hiy).
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(4) o = 1y for some co-isometric colligation

v(0) Bi B
V = Cl Dl D2 € B((C ©® (Hl S 7—[2))7
CQ 0 D4

Proof. Suppose first that ¢(z) = ¢1(21)pa(22), 2 € D?, for some ¢; and ¢y in S(D). Then

1= p(2)p(w) = 1 = pi(z)er(wi) + 1(21)(1 = pa(22)p2(ws)) o1 (wn),

and hence L
1 —p(z)p(w) = (1 — z1w1) K1 (2, w) + (1 — 20w2) Ky (2, w),
where
Ky(z,w) L — p1(21)p1(wr) and  Ko(z,w) = ©01(21)(1 — 2(22)pa(w2)) ¢1<w1>’

1— 211 1- Z2W3

and z,w € D?. Then {K, Ky} are Agler kernels of ¢ and satisfies the conditions of (2). This
proves (1)=-(2).
(2)= (3): Set L; = K;, i = 1,2, and suppose f € H,. Since

w f(w) = <f7 L1<7w)> = <f7 Kl('7w)>7

and K; depends only on 2; and w, it follows that all the functions in H, depends only on
z1. On the other hand, if f € H,, then

©(0) f(w1,0) = (f, »( ) 2(, (w1, 0)))2,

M

( )
= (f, (w1, 0) ) 2(+5(0))) 2,
= o(wy, )<f, K (-5 (0))) 7, »
and hence ¢(0) f(wy,0) = p(wy,0)f(0) for all wy € D.

(3)= (2): This is just the reverse of the argument in the above proof.

(2)= (4): Suppose {K7, K>} are Agler kernels of ¢, and suppose that K; depends only on z
and wp, and

(4.1) ©(0) Ks(-, (w1,0)) = (w1, 0) K>(-,0)  (wy € D).

Now

1— o(2)p(w) = (1 — 21@1) (K1 (- w), K1 (- 2))a0, + (1= 2000) (Fo (-, w), Ko (-, 2))2u, -
implies that

1+ 2w (K1 (- w), Ko (-, Z)>HK1+Z2U_J2<K2('7 w), Ks(, z)>HK2 = p(z)p(w
+<K1('7w)7K1('7z)>HK1 +<K2( )
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for all z,w € D?. Therefore

1 p(w)
Vi oK (L w) | = | Ky w) (w € D?),
W (-, w) Ky (-, w)
defines an isometry from D onto R, where
1
D=span{ |0 Ki(,w)| :weD?*y CChHg, ®Hx,,
wQKQ('7w)
and
p(w
R =s5pan] |Ki(-,w)| :weD?} CChHg, & Hr,.
KQ('aw)
Note that
e u_JlKl('aw) . 2
Hr, ®Hk, = span{ {’LI_J2K2(‘,’UU)} cw e D } )
Indeed, if
f w1 K1 (-, w)| 2
{g € Hr, ® Hk,) © span Do o w) | weDs,
then

0= < [f] ’ {giﬁgzm >7—LK1®HK2 =/, u_JlKl('vw)MKl + <97’67J2K2(‘7w)>%x27

9

17

that is, wy f(w) + wog(w) = 0 for all w € D?. Since K; depends only on z; and w;, all the
functions in Hg, depends only on z;. Therefore, if ws = 0, then the above equality implies
that w f((wy,0)) = 0, and hence f = 0. Consequently, wyg(w) = 0, w € D?, and hence
g = 0, and proves our claim. In particular, V € B(C® Hg, ® H,) is an isometry. The above

proof also implies that
Hr, = span{w; K;(-,w) : w € D?},
for i = 1,2. Now we consider the co-isometry VV* and set

©(0) By B,

V= Fg}) ZB; = | Ci D1 Dy| € BIC® (Hk, DHrk,)).
. Cy D3 Dy
Since i
" 1 p(w
wég) g*} 01 Ky (w) | = | K-, w) (w € D?),
W (-, w) Ks(, w)

it follows that
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and
* * U_)IKI("w> K1<','I.U)
B D" | =
i [wm(-,w)] [K2<~,w> !
for all w € D?. Now plug w = 0 into the identity above to see that
* K1<7O>
b= [K2<~,o>1 ’
and hence
D* lel('aw) — Kl('aw)_K1<'70>
/LDQKQ(','LU) KQ(‘,'UJ) - K2(70> )
: . |Di D3| .
Since D* = [ D: DZ} , it follows that
w DK (, w) + W D3 Ko (-, w) = K (, w) — Ky(+,0),
and
(42) ’(I)lD;K1<,'LU) —+ U_)QDZKQ(,’UJ) = KQ(', w) — KQ(‘, 0)

Plugging wy = 0 into the first identity, we get
W DIKL (- (w1, 0)) = K (-, (w1, 0)) — Kq (-, 0),
for all wy € D. Again, noting that K; depends only on z; and w;, we deduce
0 DIKL (-, w) = Ki(-,w) — K,(-,0)  (w € D?),
and consequently Dj (w2K2(~, 'w)) =0, w € D?. This, along with the fact that {w, K (-, w) :
w € D?} is dense in Hp,, implies D3 = 0. We next plug w, = 0 into (4.2) to get
Dy (un K (-, (wy,0))) = K2, (wy,0)) = K2(:, 0).

|fl)1K1

Now we turn to compute Cf. Since C* } ©(0), we have

Ct (w1 Ka( w)) + O3 (w2h5 (-, w)) = p(0)  (weD?)

In particular, if wy = 0, then

Ci(w Ki( w)) = o((w1,0)) —¢(0)  (wy €D).
Finally, we compute By. Observe that

B + Dy(w1 K1 (-, w)) + Dy (w0 Ks (-, w)) = Ks(+, w),
for all w € D?. If wy = 0, then

By + D3 (w1 Ki (-, (wi,0))) = Ka(, (w1,0)),

which implies that By = K5(-,0). Finally, if we let w € D?, then

ByCT (o1 Ky (-, w)) = (o(wr, 0) — (0)) Ka(+, 0) = (0) Ka(-, (w1, 0)) — (0) K (-, 0),
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by assumption (4.1), and hence

B C (01 Ky (- w)) = @(0)(Ka(-, (w1, 0)) — Ky(-,0)) = 0(0) D5 (01 K (-, w)).

This proves that ¢(0)Dy = C Bs.
(4)= (1) is essentially along the lines of [10, Theorem 2.3]. However, for the sake of com-
pleteness, we sketch the proof. Let a = ¢(0). Since VV* = I, it follows that

la|* + B1B; + BoB;  aCi + B1D; + ByD5  aCj + By Dj
I = \aCy+ D\Bf + D;B; C,Cy+ DD+ DyD; CLC5 + DyDj;
aCy+ D, B; CyCY + Dy D3 CyC5 + Dy Dy
Then there exists y € C such that
|y = lal* + B2B; =1 — BB} >0,
as a # 0. Let z = £, and
1
N R F A
Clearly, = # 0. We first claim that V; and V5 are co-isometries. Indeed
v {W + @BZB; xC5 + éBQDz] _ [_ 1l xC5 + iBQDz]
xCy + §D4B’2k CyC5 + Dy Dy} zC5 + §D4B§ CyC5 + Dy Dj

as |y|*> = |a]* + BB} and a = wy. Also note that, since aCj + ByDj = 0, we have that
xC5 + iBgDZ = 0, which implies that V5 is a co-isometry. Next, we compute

ViV ly|2 + BB} 207 + B1Dy
WP =150, 4 DB 5CiC; + DiD;
Since C,Cf + D1 D} + DyDy =1, aDy = C1 By, a = xy and |y|> — |a|> = ByBj, we have
1 * *
WC&CI + D1D1 =1.

Moreover, since aC} + B1 D} + By D5 = 0 implies that 2CT + B1D} = 0, we have that V) is
also a co-isometry. Finally, set ¢(2) = 7, (21) and @o(2) = T1,(22), 2 € D% Tt is then easy
to check that

p(2) = 1v(2) = T (21) 715 (22) = 1 (2)epa(2),
for all z € D?. This completes the proof. ]

In the setting of Theorem 4.1, one can also explicitly compute the entries of the block
operator matrix V' in part (4). The technique involved in the computation is standard and
quite well known (cf. [5, Remark 3.6]). However, we outline some details for the sake of
making this paper self-contained. We already know that

B; = K(-,0) and  Ci(wnKy(-, w)) = ¢((wy,0)) — ¢(0),

and
D3 (w1 Ky (-, (w1, 0))) = Ka(+, (w1,0)) — Ka(+,0),
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for all w € D?. Now let g € Hg, and w € D*. Then
(21D29)(w) = (g, Ks(-, (w1, 0)) — Ks(+, 0)) = g((w1,0)) — 9(0),

and hence
9((w1,0)) — g(0)

w1y

(Dag)(w) = (w € D).

for all g € H,. Similarly, if wy = 0, then (4.2) implies that
Wy DK (-, w) = Ko, w) — Ks(-, (w1,0)),
and hence, in a similar way we have

g(w) — g((w1,0))

ID)2
W, (geHwaE )7

(Dag)(w) =

as well as
f(w) — f(0)

w1

(D1f)(w) = (f € Hi,, w € D?).

Now we turn to compute C; and Cy. Since Cf (w1 K (-, w)) = ¢((wy,0)) — ¢(0), we have
(21C1)(w) = (C11, 01 Ky (-, w)) = ¢((wy,0)) — ¢(0),

and hence

(011)(11)) _ @(wh 0) - QD(O) and (021)(’11)) _ go('w) — (p(wl’(])

wq Wa

?

for all w € D?. Finally, we note that (B;f)(w) = f(0) and (Byg)(w) = g(0) for all f € Hp,
and g € Hg,.
In particular, if ¢ is inner, then we have the following:

Example 4.2. Given an inner function ¢ € S(ID?) satisfying one of the equivalent conditions
of Theorem 4.1, we have ¢(2) = p1(21)pa(22), z € D?, for some p; and p, in S(D). Then

1= p(2)] = lpi(z)l|2(22)] < lpr(z) €1 (2 € T ae)

from which we see that ¢, as well as s, are inner functions. Moreover, for z,w € D?, we
have

1—o(z)p(w) =1 —@i(z1)pr(wr) + 1(21)(1 = @2(22)p2(w2) o1 (wr).
Hence { K, Ky} are Agler kernels of ¢, where

1 — p1(21)p2(w1)
1-— Zlﬂ)l

and  Ko(z,w) = p1(21) (1 = pa(22)p2(w2)) o1 (wn)

K —

In this case the corresponding reproducing kernel Hilbert spaces are given by

%Kl = Qgpl ® C and HKQ - 4P1(C & Qcpza
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where Q,, = H*(D)/¢1H*(D) and Q,, = H*(D)/p2H?*(D) are model spaces. Moreover, the
co-isometric (unitary) colligation operator V' with state space Hy, ® H, is given by

©(0) FPelo,,  #1(0)PcMy, @ Pelo,,
V=1 @0)M;Mylc Mlg, MMy FPcM; ® Pclo,
My, lc® M;Mg,lc 0 I,c ® Mo,

Finally, we comment on the assumption that ¢(0) # 0 in Theorem 4.1.

Remark 4.3. In the proof of Theorem 4.1, ©(0) # 0 has been used only for the implication
(4)= (1). In the ¢(0) = 0 case, one can easily modify the argument of the aforementioned
case to prove a similar statement. Here is a sample statement:
Let ¢ € S(D?) be a non-zero function and suppose ©(0) = 0. Then the following are
equivalent:

(1) p(2) = ¢1(21)pa(22) for some @y, o € S(D) such that (0) # 0.

(2) p(z) = 241(21)p2(29) for some p > 1 and @y, s € S(D) such that p1(0) # 0 and
©2(0) # 0.

(3) There exists p > 1 such that ¢(z) = z; P¢(2) € S(D?), $(0) # 0, and there exist Agler
kernels {K;, K5} of ¢ such that K; depends only on z; and w;, and

P(0) K (-, (w1, 0)) = p(wy, 0) K+, 0) (w; € D).

(4) There exists p > 1 such that ¢(z) = z;Pp(2) € S(D?), $(0) # 0, and $ = 7, for some
co-isometric colligation

$(0) By Bs
V= Cl Dl D2 )
Cs 0 Dy

such that ¢(0)Dy = C} Bs.

5. COUNTEREXAMPLES AND A CONVERSE

We now return to two-variable inner functions, which we encountered in Section 2. The aim
of this section is to further analyze Theorem 2.1. We begin by exhibiting counterexamples to
the converse of Theorem 2.1. Then, in Theorem 5.3, we present a weak converse to Theorem
2.1.

Example 5.1. Fix t € (0,1), and define

Z1R%9 — t

= — c D?).
plz)= 72— (zeD)

It is fairly easy to verify that

lpi(2)] =1 (z €T?),
and hence, ; is a rational inner function. Contrary to what we want, let us assume that
there are Hilbert spaces H; and H,, an operator D; € Cy., and an isometric colligation

—t By B,
Vi=|Ci D1 Dy| € BCOH, D Hs)
Co 0 Ds
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such that 7y, = ¢;. Since
(]_ — t2)2’1 Z9

z t =
@t( )+ 1-— t2’122 ’

the preceding equality yields
(1 — t2)21Z2 I 0 21 0 D1 D2 ! Z1 0 Cl
————= = [B) B — .
1 —tz129 0 I 0 29 0 D3 0 2z CQ
Now the left side is equal to
(1 — )21 29(1 +t2129 + 122725 + -+,
and the right side is equal to
2 Bi(I — 21D1) ' Cy + 22Bo(I — 22Dy) ' Co + 2120 By (I — 21.D1) " Da(I — 25D3) " Cs.
Comparing the coefficients of 21, we see that B; D}C; = 0, n > 0. Since V;*V, = I, we have
—t CY G| |-t By B, 10
B} Dy 0 Cy Dy Dy =10 I
By D; D3| |Cy 0 Ds 00
In particular BfB; + DiDy = I and —tB; + C{D; = 0. The first equality implies (see the
proof of the equality in (2.4)) that

~N O O

> Di"BiBD} =1,
n=0

in the strong operator topology as D; € Cy.. Therefore

> IBiDrR| = A,
n=0
for all h € H;. In particular, if we choose h = C(1), then

> IBiDrC (D)) = Gy ()]
n=0

Since B1D7Cy = 0 for all n > 0, we deduceC; = 0. Then —tB; 4+ C7D; = 0 implies that
B; = 0, and hence DiD; = I. However, this and the fact that D; € Cj. are mutually
contradictory. This shows that ¢; # 7y, for any isometric colligation V; and D; € Cj,..

Now we turn to a weak converse of Theorem 2.1 in the setting of rational inner functions.
We need the following inverse formula of 2 x 2 block matrices [14, page 18]:

Theorem 5.2. Let X = [Z g] € B(C™ @ C"), and suppose that P is invertible. Then X

is invertible if and only if A := S — RP~1Q is invertible. In this case, the inverse of X is
given by
Y1 P14+ PTI1QA-IRP™Y —P71QA!
—A'RP! AL
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We are now ready to establish the promised weak converse of Theorem 2.1.

Theorem 5.3. Let ¢ € S(D?) be a rational inner function and suppose p(0) # 0. Then the
following are equivalent:
(1) ¢ = 1y for some isometric colligation

V:{a B

a B1 BQ
¢ b)

C, Dy Dy| € BCO®H, &Hs),
Cy, 0 Dy

where Hy and Ho are finite-dimensional Hilbert spaces and Dy, D3 € Cy..
(2) o(2) = @1(21)p(22), z € D?, for some rational inner functions o1 and py (in S(D)).

Proof. (1)= (2): Since V € B(C & H1 & Hz) is an isometry and dim#,; < oo, i = 1,2, V' is
onto, that is, V' is a unitary operator. In particular, V' is invertible. Since

a=¢(0) #0,
by the above theorem, we conclude that aD — C'B is invertible and

V-l o al+a'B(aD - CB)"'C —B(aD - CB)™!
- —(aD — CB)~'C at(aD - CB)™!

Since V* = V!, in particular, we have

D* = [DT y ] =a '(aD - CB) '=a"" [

CLDl — ClBl CLDQ — ClB2 !
Dy Ds

—CQBl CLD3 — CQBQ

and hence
a aD1 - ClBl CLDQ - ClBQ DT 0 . I 0
—CQBl CLD3 - CQBQ D; D; N 0 I

But then this implies (aDy — C1B2)D} = 0. Note that the invertibility of D immediately
implies that Dj is also invertible. Then aDy; — C1 By = 0, and hence, by Theorem 4.1, there
exist rational inner functions ¢; and s (here H; and Hs are finite dimensional Hilbert spaces)
such that p(z) = p1(21)p(22), z € D2

(2)= (1): Since ¢; (€ S(D)) is a rational inner function, there exists an isometric colligation

a; Bz
Vi= |:Cz Dz:| € B(CaH,),

such that dim(H;) < oo, D; € Cy., and ¢; = 1y; for all i = 1,2. We define

a1a9 Bl a132
V = CZQCl D1 ClBQ
Cy 0 D,

Then a somewhat careful computation (or see the proof of [10, Theorem 2.2]) yields that
QY =Ty. |
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In this connection, and also in the context of Remark 2.2, it is probably worth mentioning

Dy Dﬂ € B(C? ¢ C?) for some

that in the finite dimensional case we have the following: If [ 0 D
3

pg > 1, then
D, D
O'<|:01 D§:|> :O‘(Dl)UU(D?,),

v Dol o o0 i and only if Dy, Dy € Gy
0 Ds
Finally, we point out that part (1) of Theorem 4.1 and part (2) of Theorem 5.3 are related
(in a different direction) to essential normality of Beurling type quotient modules of H?(D?)

[13].
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